The statistical thermodynamics of straight rigid rods of length k on triangular lattices was developed on a generalization in the spirit of the lattice-gas model and the classical Guggenheim-DiMarzio approximation. In this scheme, the Helmholtz free energy and its derivatives were written in terms of the order parameter δ , which characterizes the nematic phase occurring in the system at intermediate densities. Then, using the principle of minimum free energy with δ as a parameter, the main adsorption properties were calculated. Comparisons with Monte Carlo simulations and experimental data were performed in order to evaluate the reaches and limitations of the theoretical model.
Introduction
The adsorption of gases on solid surfaces is a topic of fundamental interest for various applications. 1, 2 From the theoretical point of view, the process can be described in terms of the lattice-gas model. [3] [4] [5] [6] [7] [8] A lattice gas is a system of N molecules bound not more than one per site to a set of M equivalent, distinguishable, and independent sites, and without interactions between bound molecules. Many studies have been carried out on the adsorption behavior of small molecules in such systems. However, the problem in which a 2D lattice contains isolated points (vacancies) as well as k-mers (particles occupying k adjacent sites) has not been solved in closed form and still represents a major challenge in surface science.
A previous paper 9 was devoted to the study of long straight rigid rods adsorbed on square lattices. In Ref. [ 9 ] , the Helmholtz free energy of the system and its derivatives were written in terms of the order parameter δ , which characterizes the nematic phase occurring in the system at intermediate densities. 10, 11 Then, using the principle of minimum free energy with δ as a parameter, the main adsorption properties were calculated. Comparisons with Monte Carlo (MC) simulations revealed that the new thermodynamic description was significantly better than the existing theoretical models developed to treat the polymer adsorption problem.
In contrast to the statistic for the simple particles, where the arrangement of the adsorption sites in space is immaterial, the structure of lattice space plays such a fundamental role in determining the statistics of k-mers. Then, it is of interest and of value to inquire how a specific lattice structure influences the main thermodynamic properties of adsorbed polyatomics. In this sense, the aim of the present work is to extent the study in Ref. [ 9 ] to triangular lattices. The problem is not only of theoretical interest, but also has practical importance. A complete summary about adsorption on triangular lattices can be found in [12] [13] [14] [15] and references therein.
The rest of the paper is organized as follows. In Section 2, the theoretical formalism is presented. Section 3 is devoted to describe the Monte Carlo simulation scheme. The analysis of the results and discussion are given in Section 4. Finally, the conclusions are drawn in Section 5.
Model and theory
In this paper, the adsorption of straight rigid rods (or k-mers) on triangular lattices is considered.
The adsorbate molecules are assumed to be composed by k identical units in a linear array with constant bond length equal to the lattice constant a. The k-mers can only adsorb flat on the surface occupying k lattice sites. The substrate is represented by a triangular lattice of M = L×L adsorption sites, with periodic boundary conditions. N particles are adsorbed on the substrate with 3 possible orientations along the principal axis of the array [see k-mers marked with 1, 2 and 3 in Figure 1(a) ].
The only interaction between different rods is hardcore exclusion: no site can be occupied by more than one k-mer unit. The surface coverage (or density) is defined as θ = kN/M. 
where
Since different k-mers do not interact with each other, all configurations of N k-mers on M sites are equally probable; henceforth, the canonical partition function
, times a Boltzmman factor including the total interaction energy between k-mers and lattice sites,
where q(T ) is the partition function for a single adsorbed molecule, β = 1/k B T (being k B the Boltzmann constant and T the temperature) and ε o is the interaction energy between every unit forming a k-mer and the substrate.
In the canonical ensemble the Helmholtz free energy
Then, the remaining thermodynamic functions can be obtained from the general differential form 16
where S, Π and µ designate the entropy, spreading pressure and chemical potential respectively which by definition are,
Isotropic distribution of adsorbed k-mers
For the case of an isotropic distribution of the k-mers, i.e., N 1 = N 2 = N 3 = N/3, ?? reduces to,
Applying the Stirling's approximation to ?? and replacing in ??, the Helmholtz free energy per site f = F/M can be written in terms of the intensive variables θ and T ,
Then, the chemical potential and the entropy per site s = S/M result
and
where K e (T ) = q(T ) exp (−β kε o ) is the equilibrium constant.
Anisotropic distribution of adsorbed k-mers
To introduce the effect of the orientational order in the GD theory, it is convenient to rewrite the configurational factor in ?? in terms of the nematic order parameter δ , 17 
where | N i | = N i has been used for notational convenience.
δ can be expressed in Cartesian form as δ = δ xx + δ yŷ , where
In addition,
Then, N 1 , N 2 and N 3 can be written as a function of δ x , δ y and θ ,
Now, replacing ?? in the DiMarzio configurational factor ?? and using ??, the Helmholtz free energy per site can be written as,
Finally, from ??,
It is easy to see that, as | δ | = 0, i.e. δ x = 0 and δ y = 0, the isotropic case is recovered and, consequently, ?? reduce to ??-??. In general, the calculation of the adsorption isotherm and the configurational entropy of the adlayer requires the knowledge of an analytical expression for the dependence of the nematic order parameter on the coverage. For this purpose, a free-energyminimization approach can be applied. 9 The procedure is as follows:
(1) We choose δ y = 0 and δ x = 0, this leaves N 2 and N 3 in an isotropic state, see ??. We can do this without losing any generality, since a pure nematic state is given by molecules aligned in one direction only. 18 (2) By differentiating ?? (with δ y = 0) with respect to δ x and setting the result equal to zero, the function δ (θ ) is obtained. The points (2) and (3) can be easily solved through a standard computing procedure; in our case, we used Maple software.
Monte Carlo simulation
In order to test the theory, an efficient hyper-parallel tempering Monte Carlo (HPTMC) simulation method 19, 20 has been used. The HPTMC method consists in generating a compound system of R noninteracting replicas of the system under study. The i-th replica is associated with a chemical potential µ i . To determine the set of chemical potentials, {µ i }, the lowest chemical potential, µ 1 , is set in the isotropic phase where relaxation (correlation) time is expected to be very short and there exists only one minimum in the free energy space. On the other hand, the highest chemical potential, µ R , is set in the nematic phase whose properties we are interested in. Finally, the difference between two consecutive chemical potentials, µ i and µ i+1 with µ i < µ i+1 , is set as 
Under these conditions, the algorithm to carry out the simulation process is built on the basis of two major subroutines: replica-update and replica-exchange.
Replica-update:
The adsorption-desorption procedure is as follows: (1 The complete simulation procedure is the following: (1) replica-update, (2) replica-exchange, and (3) repeat from step (1) RM times. This is the elementary step in the simulation process or Monte Carlo step (MCs).
For each value of the chemical potential µ i , the equilibrium state can be well reproduced after discarding the first r 0 MCs. Then, a set of r samples in thermal equilibrium is generated. The corresponding surface coverage θ i (µ i ) is obtained through simple averages over the r samples (r MCs).
In the last equation, X i stands for the state of the i-th replica (at chemical potential µ i ).
The configurational entropy S of the adsorbate cannot be directly computed. To calculate entropy, various methods have been developed. 21 Among them, the thermodynamic integration method is one of the most widely used and practically applicable. The method in the grand canonical ensemble relies upon integration of the chemical potential µ on coverage along a reversible path between an arbitrary reference state and the desired state of the system. This calculation also requires the knowledge of the total energy U for each obtained coverage. Thus, for a system made of N particles on M lattice sites,
In the present case U (N, M, T ) = 0 and the determination of the reference state, S(N 0 , M, T ), is trivial because S(N 0 , M, T ) = 0 for N 0 = 0. Then, using intensive variables,
Results
In this section, the main characteristics of the thermodynamic functions given in ?? will be analyzed in comparison with simulation results and the main theoretical models developed to treat the k-mers adsorption problem. Three theories have been considered: the first is the well-known FH approximation for straight rigid rods; 22,23 the second is the GD approach for an isotropic distribution of admolecules; 24, 25 and the third is the recently developed SE model for the adsorption of polyatomics. 26, 27 The equations of the GD adsorption isotherm and the GD configurational entropy for an isotropic distribution of adsorbed rods were given in ??, respectively. The corresponding expressions in the FH and SE theories are as follows:
The computational simulations have been developed for triangular L × L lattices with L/k = 20
and periodic boundary conditions. With this size of the lattice we verified that finite size effects are negligible. As mentioned in Ref. In part (a), the behavior of the different approaches can be explained as follows. The new This behavior differs from that obtained for square lattices, 9 where the continuous variation of the order parameter with density indicates clearly the presence of a second-order phase transition in the adsorbed layer. This point is extensively discussed in the recent paper by. 28 Figure 2(c) is devoted to the analysis of large adsorbates (k = 10, in the case of the figure) .
The results are very clear: (1) FH and GD predict a smaller θ than the simulation data over the entire range of coverage; (2) SE agrees very well with the simulation results for small and high values of the coverage; however, the disagreement turns out to be significantly large in a wide range of coverage (0.3 < θ < 0.9); and (3) in the case of the new isotherm, the results are excellent and represent a significant advance with respect to the existing development of k-mer thermodynamics.
In order to compute the accuracy of each theory, the differences between theoretical and simulation data can be very easily rationalized by using the average percent error in the chemical potential ε µ , which is defined as,
where µ sim (µ appr ) represents the value of the chemical potential obtained by using the MC simulation (analytical approach). Each pair of values (µ sim , µ appr ) is obtained at fixed θ . The sum runs over the N points of the simulation adsorption isotherm (in this case, N = 25 for all k).
The dependence of ε µ on the k-mer size is shown in Figure 2(d) for the different theoretical approximations. Several conclusions can be drawn from the figure: 1) In the FH and GD cases, ε µ increases monotonically with increasing k and the disagreement between MC and analytical data turns out to be very large (larger than 5%) for k ≥ 5 and k ≥ 6, respectively.
2) For the SE theory, there exists a range of k (2 ≤ k ≤ 7) where ε µ remains almost constant around 1.5% and SE provides a very good fitting of the simulation data. However, for k ≥ 8, the differences between simulation and theoretical data increase with k. This deviation is associated with the appearance of an I-N phase transition in the adlayer for k > 7, 11 which is not covered by the SE theory.
3) The agreement between the equation reported here [??] and the simulation data is excellent over the whole coverage range. This result provides valuable insight into how the adsorption process takes place. Namely, for k ≥ 7 and intermediate densities, it is more favorable for the rods to align spontaneously because the resulting loss of orientational entropy is compensated for by the gain of translational entropy.
4) The comparison with previous results obtained for square lattices 9 reveals that, for a fixed value of k, (i) ε µ increases with the connectivity for FH and GD theories, and (ii) in the case of SE approach and the new ??, ε µ does not change significantly as the lattice geometry is varied.
The differences between the approaches analyzed in this work can be also appreciated by comparing the coverage dependence of the configurational entropy per site, which is presented in Figure 3 for the same cases studied in Figure 2 . and triangular lattices, respectively. The overall behavior of s(θ ) can be summarized as follows: for θ → 0 the entropy tends to zero. For low coverage, s(θ ) is an increasing function of θ , reaches a maximum at θ m , then decreases monotonically for θ > θ m . The position of θ m shifts to higher coverage as the k-mer size is increased. In the limit θ → 1 the entropy tends to a finite value, which is associated with the different ways to arrange the k-mers at full coverage. This value depends on k.
As in Figure 2 , GD and FH appear as good approximations in the low-surface coverage region, As in the case of the chemical potential, an average percent error (ε s ) was calculated for the difference between simulation and theoretical predictions. In this case,
where s sim (s appr ) represents the value of the configurational entropy per site obtained by using the MC simulation (analytical approach). As in ??, each pair of values (s sim , s appr ) is obtained at fixed θ and N = 25.
The behavior of ε s is similar to that observed in Figure 2 (d). However, two main differences can be marked: (1) FH performs better than GD for all values of k, and (2) the differences between SE and ?? are more notorious, with ?? being the most accurate for all cases.
Finally, analysis of experimental results have been carried out in order to test the applicability of the model proposed here. For this purpose, experimental adsorption isotherms of n-hexane in 5A zeolites, previously compiled by Silva and Rodrigues, 29 were analyzed in terms of ??. Given that the experimental data were reported in adsorbed amount (g/100 g adsorbed) as a function Table I As is common in the literature, 30,31 a "bead segment" chain model of the molecules was adopted, in which each methyl (bead) group occupies one adsorption site on the surface. Under this consideration, k = 6 is set in the fitting data corresponding to C 6 . In this scheme, a set of isotherms of n-hexane in 5A zeolites for different temperatures were correlated by using only one value of Q max and a temperature dependent K e (T ) as adjustable parameters. The results are presented in Figure 4 and the fitting parameters are listed in Table I . A very good agreement between experimental and theoretical data is observed. In addition, the value obtained for the saturation adsorbed amount Q max = 12.1 is consistent with previous results reported in Refs. [ 30, 32 ] .
In summary, the analysis presented in Figures 2-4 demonstrates that (1) explicitly considering the isotropic and nematic states occurring in the adlayer at different densities is crucial to understanding the adsorption process of rigid rods, and (2) ?? provide a very good theoretical framework and compact equations to consistently interpret thermodynamic adsorption experiments of polyatomic species.
Conclusions
The adsorption process of straight rigid rods of length k on triangular lattices has been studied 
